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!This course is based on Victor Aguirregabiria’s Empirical 10 book. The
slides (in my first year of teaching) are extremely close to his slides. These will
change in the future iterations of this course.



Outline on today's lecture

1. Estimation of the Standard Logit Model

1.1. Endogeneity problem & bias of OLS estimator
1.2. Instrumental Variables estimation

2. Logit model with heterogeneous coefficients



Estimation: Standard Logit Model Data

» Suppose that we have data on quantities (sold), prices, and
characteristics of all the J products in a market:

Data = {qj,pj,le,...,XKj j= 1,2,...,./}

» Suppose that we also observe the consumers who have not
purchased any of the J products, i.e., qo.

» For instance, the Stata dataset verboven_cars.dta contains
the following variables for J = 356 car models in the markets
of five different European countries:

» price, quantity, brand

» displacement (in cc), horsepower (in kW), weight (in kg)

> seats, doors, length (in cm), width (in cm), height (in
cm)

» fuel efficiency (liters per km), maximum speed (km/h),
acceleration time (seconds from 0 to 100 km/h)



Estimation: Logit Model

>
>

Given quantities, we can construct market shares.
Market size (number of consumers) is:

H=q+aq+- - +4q

The market share of product j is:
sj= -
I H

The logit model implies the following regression model:

yj = BPpj+ Br1Xyj + -+ Bk Xk + &
where:
yj =In(sj) —In(s0), BP =—-«
The error term ¢; represents characteristics of product j that
are valuable to consumers but unobservable to us as
researchers.
Given these data, we can estimate the parameters

(ﬂp,ﬂla-- . aﬁK)'



OLS Estimation: Endogeneity problem

>

>

Unfortunately, the OLS estimator does not provide unbiased
(consistent) estimates of the parameters of the model.
Products with higher unobserved quality §; tend to have
higher prices:
cov(p;,§j) >0

This endogeneity problem implies that the OLS estimate BSLS
captures two effects:

a the causal effect of price on y;, i.e., 3, <O0;

b an indirect positive effect (not causal) from the correlation
between price and unobserved product quality.

Algebraically:
soLs _ vy, pj) _ 3 cov(p;, &)
g var(py) 7 var(p)
We could even observe BASLS > 0, despite the true causal

effect 3, < 0.



Endogeneity problem: Example

» Suppose that the profit maximization condition (Marginal
Revenue = Marginal Cost) implies the following optimal price
for the firm selling product j:

pj =Xy + -+ vk Xkj + e

where the +'s are parameters.
» Product characteristics affect price because:

1. They affect marginal costs (e.g., higher quality products are
costlier to produce);
2. They enter demand and affect marginal revenue.

» The model consists of:
» The logit demand equation:

yj = B8P +§

» The pricing equation:
Pi = €&
(omitting X-variables for simplicity).



Endogeneity problem: Example [2]
» Consider the structural equations of the model (omitting

constant terms; all variables are in deviations from their
means):

yi = BPpi+&, P =&
» Substituting the pricing equation into the demand equation:

yj = BP(e&j) + & = (BPye +1)§;

» Therefore, the covariance between y; and p; is:

cov(y;j, pj) = (BPe + 1)ye var(§))

» And the variance of p; is:

var(p;j) = ¢ var(§;)



Endogeneity problem: Example [3]

» In this model, the OLS estimator is:

sors . cov(yj, pj)  (BPye + 1)yevar(§y) p . 1
P B 2 =Fr
var(pj) Ve Var(gj) 13

» Since % > 0, the OLS estimator is an upward-biased estimate
of the true gP.

» Given that 8P < 0, the estimate is biased toward zero—i.e., it
is less negative than the truth—or may even be positive.



Instrumental Variables (V) Estimation

P> To address the endogeneity problem, we can use IV
estimation.

» We need a variable (or a set of variables) Z; that satisfies the
following three conditions:

[1] Exclusion. Z; is not an explanatory variable in the demand
equation of product j; i.e., Z; ¢ X;.

[2] No correlation with the error term. Z; is not correlated
with the unobserved quality & of product j.

[3] Relevance. In a regression of price p; on Xj and Z;, the
variable Z; has a statistically significant (partial) correlation
with pj-

» Even if we cure the endogeneity problem, the standard
multinomial logit model is very restrictive in terms of

elasticities it can support.

.95 P Nn. ds; pi _ .
> Recall : i —a(l —sj)pj and a5 s = —asipi



Why Are These Elasticities Very Restrictive?

» The standard Logit model imposes strong restrictions on substitution
patterns implied by cross-price elasticities.

» Consider three car models:
ECON1, ECON2, LUX
with market shares:
secon:t = 0.20,  seconz = 0.20, syx = 0.01

and prices:
pecont =1, pecon2 =1, prux =20

» Now consider the effect of increasing peconi on the demands for ECON2
and LUX.

» According to the logit model:

dSeconz  PECON1

= o SEcoNt - Pecont = o - 0.20
dpecoNt  SECON2

dsLux ECON1
_LUX | PECONL _ . secont - Ppecont = - 0.20
dpecont SLUX

» Implication: A price increase for ECON1 leads to the same proportional

increase in demand for ECON2 as for a luxury car—clearly unrealistic.



Dealing with Limitations of Standard Logit Model

» The standard Logit model imposes restrictive substitution
patterns due to its i.i.d. Extreme Value errors and
homogeneous coefficients.

> We can relax these restrictions through two key model
extensions:

1. Consumer heterogeneous coefficients [:
Allow each consumer to have their own preferences for product
characteristics. This is implemented in the Random
Coefficients Logit model.

2. Nested Logit model for c:
Allow correlation in unobserved utility shocks across similar
products by grouping them into “nests.”



Discrete Choice with Heterogeneous Coefficients

» The utility of consumer i if they purchase product j and reside
in market m is:

Uijm = —Qjm * Pjm + )<jm “ Bim + {jm + Eijm
» Xim Bim = B1imX1jm + B2imX2jm + - - - + BkimXkjm is the utility
from the observable characteristics.

» Biim: represents the marginal utility of this product
characteristic (e.g., RAM memory) for consumer i residing in
m.

» &jm: Utility from unobservable characteristics, the same for all
consumers in market m.

» cjim: The T1EV idiosyncratic taste shock of consumer i for
product j in m.



Discrete Choice with Heterogeneous Coefficients

» The utility of consumer i if they purchase product j and reside in market
m is:

Uijm = —Qim * Pjm + )<jm . Bim + gjm + Eijm
> Generally the following forms are assumed for (cim, Bim):

1. BLP-1995

[ﬂ] = [ﬁ ] + v st. v N(0,X) (1)
2. BLP-1995 (with market variation)

[gﬂ N [Bo] +Vim st vim N(O,X) (2)

» We cannot use m fixed effects because we only observe market-level
shares. So means are still for all markets.



Discrete Choice with Heterogeneous Coefficients

» The utility of consumer i if they purchase product j and reside in market
mis:

Uijm = —Qim * Pjm + )<jm . /Bim + gjm + Eijm

> Generally the following forms are assumed for (cim, Bim):

1. General case (with market variation)

R
{a’.""} = [ao} + 3 M) Drim + Vi St vim N(0,)
Bm) = (o) T2

(3)
where Dy, = (Dijm, - - -, Drim) is R x 1 dimensional vector of
socio-economic characteristics of consumer i in market m.
Mik1) is a column vector of parameters. T3, a consumer’s
marginal utility from characteristic k changes as their
socio-economic characteristic D,;,, changes.



Discrete Choice with Heterogeneous Coefficients

» The utility of consumer i if they purchase product j and reside in market
mis:

Uijm = —Qim * Pjm + )<jm . ﬂim + €jm + Eijm

General case gives us market level means in taste parameters (with market

variation).
[ i | [ R
im 0 r
- + Mn Drim + Vim 4

_ﬂim_ _50:| ; (K+1) ( )
[ i | [ R R

= {m = 0:| =+ Z I'I('K+1) Drm + Z I-I(K+1) (Drim - Drm) + Vim (5)
-B’m- -/80 r=1 r=1

Market level mean Within-market individual heterogeneity

_aim_ _Ofm ~

= = + Uim 6
B _@J (6)




Discrete Choice with Heterogeneous Coefficients

» The utility of consumer i if they purchase product j and reside in market
mis:

Uijm = —Qim * Pjm + )<jm . ﬂim + §jm + Eijm

» The utility of consumer i can be re-written as followed:

T
Uijm = —Q0m 'ij+)<jm 'ﬁm+§jm+ |:)f{_m:| '5im+<‘3ijm
\jm

Sjm: Product j mean utility in m
Hijm+€jjm: Product j idiosyncratic utility

Uij’" = 5jm + Mijm + Eijm



Discrete Choice with Heterogeneous Coefficients

» Market Shares under Heterogeneous Coefficients:
Sim = By [1{Uijm = Uyjrm}] (7)

i | (8)

Sjjm:i" probability of purchasing j

= sim = Ky, EEijm [1 {Ujm = Uij’m}

eXp (6./'"7 + :U"Jm) (9)

= Sjm = Euim J
L4375y exp (km + Hikm)

ex 6'm + ijm
Rl T (O L)
pim L+ D 25—y €xXP (Okm + Hikm)

where im = (fitm, tizmy -« - 5 fbism)



Discrete Choice with Heterogeneous Coefficients

» Cross-price elasticity under hetereogeneous Coefficients:

xSt iin)
P
dem Pi'm _ Him |:1+Zf:1 eXP(5km+F‘ikm):| Pi'm (11)

dpj/m Sim dpjm Sjm

d &P 8jm—PjmP1,im =11 Xjm*1-1,im )
dsim  Pj'm E |: 143571 &0 (Skm—Prem 71,im+ -1y Xpem* V141, ) :| Pi'm
: Pim T

dpj’m Sjm dpj’m Sjm
(12)
dsj’" Sjm |: ~ Pj’m
= . = Eg,.m Sijm * Sij’m * (Olm + Vlim) . (13)
dpj'm  Pj'm me im
~ Pj'm
= (amEs,, [Sim - i7m] + oy, [Sim - Syrm - Prim]) -
’Jm

(14)
(15)

» The above expression provides more flexible cross-price elasticities by
taking account of how close substitutes different products are. The
expectations above are essentially flexible measure of the degree of
substitution between two products j and j’ across the population of
consumers in market m.



Discrete Choice with Heterogeneous Coefficients: Estimation
» The data typically used for discrete choice with Heterogeneous
Coefficients or BLP is given by:
> BLP 1995:

Data:{Sj,pj,le,...7XKJ-7ZU,...7ZBJ:j:1,2,...,J}

where B > number of parameters to be estimated.
» BLP with market level variation:
Data = {Sjm,pjm,XUm, ooy Xkjmy Zijmy - - - 2B jm
i=12,....J,m=12,... M}
» General BLP:
Data = {Sjm, ij7X1jITI7 c.. 7Xij7
Dlm, D2m7 ey DRITI7 QDmDm,my
lem, ey ZB,jm :
i=12...,Jm=12.. M}

where Dim, Dom, ..., Drm, Qp,,0,,,m allows us to compute E for

Hijm
each market. These capture the distribution of socio-economic

characteristics across consumers within a market.



Discrete Choice with Heterogeneous Coefficients: Estimation

» Estimation: To estimate the model we target the moment condition
E [&jm|Zjm] = 0, where Zjn, is a vector of instrument variables such that
the number of instruments > is higher than the number of parameters i.e.
the number of elements in ap, Go, I, Z.

> Note that &m = djm + @m * Pjm — Xjm * Bm-

> Same steps logs;j/logsy as before do not allow us to recover §jm due to the
non-linear structure of the market share function.

» Berry, Levinsohn, and Pakes (1995) showed that the following iterative
steps converge to djm for I =1,2,...

Sjm' = Gjm + log(Sjm) — log(sjm) (16)

6'm + Nf'm)
= 6 = 5!+ log(Sim) — log / exp (9 i dF (uim)
’ ! ' tim L+ Zi:1 exp (6/017 + Nikm)
(17)

where Sj, is the ovserved market share of product j in market m.

» The above iterative procedure allows us to recover {;» and evaluate (and
eventually minimize) the moment conditions.



BLP Instruments (Berry, Levinsohn, and Pakes, 1995)

Idea
Use observable characteristics of own and rival products as

instruments for price.

» Price is correlated with unobserved quality j;, but also
depends on market competition.
» Construct instruments from observed product characteristics:

1
Zijm = -1 Z/ | Xijm — Xijrm|,  When don't have too many parameters
j

Zijj'm = | Xigm — Xij'm|  When need higher number of instrumetns

» Intuition:
» Rivals’ features influence pj, via competitive pressure.
> Rivals' xim, are exogenous to .
> Not exogeneous if attributes are endogeneous



Hausman—-Nevo Instruments (1996, 2000)

Idea
Use prices of the same product in other markets as instruments.

» When product j appears in multiple markets t, use:
ZHN _ 1
jm = T _q Z Pjs
s#m

» Rationale:

Cov(pjm, pj,—m) >0 (common costs)
Cov(&jm,&j,—m) =~ 0 (local demand shocks)

» Valid if unobserved demand shocks are market-specific but
cost shocks are correlated across markets.



Waldfogel Instruments

Idea
Instrument local price with market-level demographics (or demand shifters)
from other markets/locations.

> Let D, be a vector of market mean of demographics (income, population,
age shares, etc.) in market s.

» For product j in market m construct:

1 _
ZE = a1 2D

s#m
where wjs are optional weights (e.g. 1, distance-based, or market-size
weights).
> Intuition:

» Demographics in other markets predict how firms set prices
nationally or across markets (common pricing rules, cost
pass-through).

> Because these are other markets, they are plausibly uncorrelated
with the local unobserved demand shock &;p,.

» Main threat: national shocks (advertising, brand reputation) or spatially
correlated unobservables that link Ds to &jm.



